Nonstandard Interactions (NSI) of neutrinos with matter can significantly alter neutrino flavor evolution in supernovae with the potential to impact explosion dynamics, nucleosynthesis and the neutrinos signal. In this paper we explore, both numerically and analytically, the landscape of neutrino flavor transformation effects in supernovae due to NSI and find new, heretofore unseen transformation processes can occur. These new transformations can take place with NSI strengths well below current experimental limits. Within a broad swath of NSI parameter space we observe Symmetric and Standard Matter-Neutrino Resonances (MNRs) for supernovae neutrinos, a transformation effect previously only seen in compact object merger scenarios; in another region of the parameter space we find the NSI can induce neutrino collective effects in scenarios where none would appear with only the standard case of neutrino oscillation physics; and in a third region the NSI can lead to the disappearance of the high (H) density Mikheyev-Smirnov-Wolfenstein (MSW) resonance. Using a variety of analytical tools we are able to describe quantitatively the numerical results allowing us to partition the NSI parameter according to the transformation processes observed. Our results indicate nonstandard interactions of supernova neutrinos provide a sensitive probe of Beyond the Standard Model physics complementary to present and future terrestrial experiments.
I. INTRODUCTION
The pursuit of Beyond the Standard Model (BSM) physics is a major goal of current nuclear and high energy physics research. Investigations of such phenomena as dark matter, the matter-antimatter asymmetry and neutrino mass and mixing are presently being explored. A lucrative source of information about BSM physics has been the neutrino which has yielded significant discoveries in the form of neutrino mass and mixing. Ongoing and future study of neutrinos may yield evidence for proposed BSM physics such as new interactions of active flavors, the origin and the nature of neutrino mass, additional flavors, CP violation and more. Much of this search will be conducted using experiments here on Earth, see, for example, [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . However, much also can be learned from studying the effect of BSM physics upon neutrinos in astrophysical environments for the simple reason that in the cores of supernovae, in the early universe, and in the mergers of compact objects, the densities, temperatures, magnetic fields, etc. can be so high that the neutrino is no longer an ephemeral component of the system but rather becomes an important mechanism for transporting energy and momentum as well as playing the familiar role of modifying the electron fraction. In essence, supernovae, compact object mergers, and the early universe constitute nature's ultimate neutrino experiment: if we change the properties of the neutrino, there can be major consequences for dynamics of the system, the nucleosynthesis, and significant modifications to any signal we might detect.
There are two significant benefits to studying neutrinos emitted from both core-collapse supernova and compact object mergers: firstly the neutrino flavor evolution is non-linear due to neutrino collective effects [12, 13] allowing seemingly small perturbations to become amplified, and secondly, core-collapse supernova and mergers produce so many neutrinos a Galactic supernova or merger may produce sufficient events in current and future generation neutrino detectors to reveal the BSM physics. The effect of sterile neutrinos in supernovae has been considered on many occasions [14] [15] [16] [17] [18] [19] [20] [21] and neutrino magnetic moments were studied by [22] [23] [24] [25] [26] . Various nonstandard interactions of neutrinos with matter have been considered [27] [28] [29] [30] [31] in particular we mention those by EstebanPretel, Tomàs, and Valle [32] looking at the modification of the MSW effect in supernovae [33] [34] [35] , and then again by Blennow, Mirizzi and Serpico [36] and Esteban-Pretel, Tomàs, and Valle [37] where the neutrino-neutrino interactions were included. These studies showed the effect of NSI is to introduce new contributions to the matter potential seen by the neutrinos with strengths (relative to the standard neutrino oscillation contribution to the potential) parameterized by a set of matrices. In general these matrices of NSI strengths can be different for each constituent of the matter and can contain "off-diagonal" contributions also known as flavor changing neutral currents. It was shown that the new NSI contributions to the matter potential can lead to new MSW resonances close to the proto neutron star that were named as inner (I) resonances [32] .
As we shall explore in this paper, the presence of NSI completely changes the flavor oscillations.While some of these effects are already known, in this work we consider a larger NSI parameter space than was considered previ-ously and find in the unexplored regions a new set of oscillation phenomena not previously reported. In one part of the parameter space we observe Matter-Neutrino Resonance (MNR) transitions. In another we find neutrinoneutrino collective effects in scenarios when none are observed without NSI, and in a third region we find the high (H) density MSW resonance can disappear.
MNR transitions are a recently discovered phenomenon that can be explained as an active cancellation of the neutrino-neutrino and the background matter potential [38] . Two types of MNR have been observed. In a Standard MNR both neutrinos and antineutrinos start converting but end up in opposite flavor configurations while in a Symmetric MNR both neutrinos and antineutrinos fully convert to other flavors [39] [40] [41] . The implications of MNR on nucleosynthesis in neutron star merger scenarios were further investigated in Refs. [42, 43] . The possible effects of MNR have also been explored in the early universe [44] . While the MNR has been seen with standard neutrino oscillation physics alone, neither a Standard nor Symmetric MNR can occur in a supernova with only the standard neutrino physics if the neutrino emission is spherically symmetric. Beyond the neutrinosphere there are no locations where the conditions necessary for the MNR prevail. But as we shall show, both Symmetric and Standard MNRs can occur in supernovae in the presence of NSI. In particular, the NSI induced Standard MNR appears to be a very robust phenomenon and appears over a large part of the overall parameter space explored.
Bipolar type flavor conversions, also known as nutations, were first observed by Duan et al. [12, 13] and are still an active area of research: see [45, 46] for reviews. In a bipolar/nutation type flavor transformation a large fraction of the whole ensemble of neutrinos can experience coherent oscillations with respect to each other converting a neutrino of one initial flavor into another. Bipolar/nutation type transitions are not adiabatic transitions in the sense that neutrinos do not follow the instantaneous eigenstates of the Hamiltonian. While these type of flavor transitions also occur with standard neutrino oscillation physics, we shall show they are affected by NSI.
The H MSW resonance was first introduced by Dighe & Smirnov [47] who noted that for three flavor neutrino mixing there were two distinct resonances, one at low (L) density and the other at high density. The width and eigenvalue splitting at the low density resonance are controlled by the mixing parameters δm 2 21 and θ 12 while the H resonance was set by the mixing parameters δm 2 31 and θ 13 . Due to the uncertainty in the sign of the mass splitting, the H resonance would appear in the neutrinos for a normal hierarchy when δm 2 31 > 0, and in the antineutrinos if δm 2 31 < 0. Like bipolar/nutation type transitions, the H resonance occurs with standard neutrino oscillation physics. We shall show it too can be affected by NSI and, in certain regions of the parameter space, it can disappear.
With our goal defined, this paper is organized as follows. We begin with a description of a model in section §II and describe the origin of the effects we find in Section §III which will allow us to diagnose which type of transition we find when we show results some specific selected combinations of NSI parameters in Section §IV. In section §V we present our partitioning of the NSI parameter space and use our analytical tools to explain why the effects we found in each region were seen. In our Discussions and Conclusions §VI we indicate the possible implications of NSI for both the neutrino signal and the dynamics of the explosion that we shall pursue in future studies.
II. MODEL DETAILS
Our intention in this paper is to illustrate the possible effects of NSI in supernovae and highlight novel aspects that have not been studied in earlier literature. In order to effectively demonstrate these effects, we adopt a simplified model of supernova neutrinos using parameterized density and electron fractions, two neutrino flavors (electron and other-than-electron type which we shall denote these by 'e' and 'x' hereafter), a single energy and we make use of the single angle approximation for the neutrino self interaction. These simplifications remove the complicating factors of a more complete calculation but retain the essential physics. Zhu, Perego, and McLaughlin [48] have compared the results from two and three flavor calculations of the Matter Neutrino Resonance above accretion disks and found they give very similar results if the gradients of the potentials are not large. For ease of computation we will utilize flux normalized density matrix formalism for both neutrinos and antineutrinos. We normalize the density matrices with respect to the initial electron neutrino flux and the initial electron antineutrino flux so that our initial conditions are
for neutrinos and antineutrinos respectively, where β represents the initial asymmetry between electron and xtype neutrinos, andβ the asymmetry between electron and x-type antineutrinos. The ratio of electron antineutrinos relative to electron neutrinos at the initial point is α. For our calculations we adopt α = 0.8, β = 0.48, and β = β/α = 0.6 such that x-type neutrinos and antineutrinos are assumed to have equal initial fluxes. These choices are motivated by recent large scale supernova simulations [49] .
The evolution of the neutrino and antineutrino density matrices are governed by the Louiville-von Neumann equations: [65] :
where H andH are the total neutrino and antineutrino Hamiltonians. At a given location r, the survival probabilities, P ij = P (ν i → ν j ),P ij = P (ν i →ν j ), can be found given the elements of the density matrices at r and the initial conditions. In particular ρ ee (r) andρ ee (r) are given by
Using the initial conditions given in Eq. (1) and for two flavors P xe = 1 − P ee andP xe = 1 −P ee we derive the survival probabilities for electron neutrinos and electron antineutrinos to be
Note that we only use the above equation in the cases of β,β = 1. Because of the way the density matrices have been defined, if β = 1, this equation requires that ρ ee = 1 2 everywhere as expected and similarly for the antineutrinos.
The flavor basis neutrino Hamiltonian can be written as
where H V is the vacuum Hamiltonian, V ν the neutrinoneutrino interaction potential, and V M the matter potential. The anti-neutrino Hamiltonian isH
We shall discuss the terms in this equation shorty but quite generally, if the potentials V ν and V M in the Hamiltonian vary with distance r then it is possible for the difference between the diagonal elements of the Hamiltonian to vanish, i.e. H ee − H xx = 0 for neutrinos orH ee −H xx = 0 for antineutrinos, leading to a resonance phenomenon. In the case of neutrinos this resonance phenomenon is named after Mikheyev, Smirnov and Wolfenstein (MSW) [33] [34] [35] and the locations where H ee − H xx = 0 orH ee −H xx = 0 are known as MSW resonances. For non-monotonic potentials it is possible the resonance occurs at multiple locations in which case each resonance is given a name to distinguish it from the others. In the standard case of neutrino oscillations, the H (High) and L (Low) resonances refer to the mass differences δm 31 and δm 21 respectively. Here we will focus on the H resonance only.
The vacuum Hamiltonian for two neutrino flavors is given by
with δm 2 the difference between the square of the neutrino masses, E the energy, and θ V the mixing angle in vacuum. The neutrino mass splitting used is δm 2 = ±2.4×10 −3 eV 2 , with a positive sign for the normal hierarchy and a negative sign for the inverted mass hierarchy.
The mixing angle we use is θ V = 9
• (0.1571 rad) and we adopt a single neutrino energy of 20 MeV. In our two flavor calculations we use a mixing angle θ V that corresponds to the measured value of θ 13 and a mass splitting δm 2 that that corresponds to δm 2 31 . We make this choice so that our two flavor results will include the H resonance which occurs deeper in the star than the L resonance, and so that we can study the effect of the the neutrino mass hierarchy on our results.
The neutrino-neutrino interaction potential for a neutrino emitted from the neutrinosphere at a single angle is given by
where the star indicates we have taken the complex conjugate of the antineutrino density matrix. The neutrinoneutrino interaction strength is µ ν which we take to be
with r ν = 10 km as the radius of the neutrinosphere, and µ 0 = 10 6 km −1 , representing a typical value for the initial relative strength of the interaction [50] .
The matter potential contains the usual standard contribution plus the NSI:
with G F the Fermi constant, and n e the net electron number density arising from the difference between the electron and positron number densities: n e ≡ n e − − n e + . The net electron density n e is also equal to n e = Y e n N where Y e is the electron fraction and n N = n p + n n the nucleon density i.e. the sum of the densities of protons and neutrons. Throughout this paper we adopt a MSW potential of the form V MSW (r) = λ(r) Y e (r), where λ(r) characterizes the density profile,
with λ 0 = 10 6 km −1 as the initial strength of the matterinteraction potential representative of typical densities found in supernovae at r = r ν [49, 50] . For the electron fraction, Y e (r), we use the same parametrization as described in Esteban-Pretel, Tomàs and Valle [32] :
and we have set a = 0.308, b = 0.121, r s = 42 km based upon a fit to the electron fraction at bounce in the 10.8 M ⊙ simulation by Fischer et al. [51] . For r close to r ν the electron fraction is Y e (r) = a = 0.308 while for r ≫ r s the electron fraction has climbed to Y e (r) ≈ 0.5
The NSI potential
The nonstandard interactions are taken to be of a general form of a sum over all fermions present in the matter (ignoring the heavy quark content of the nucleons) and scaled relative to the MSW potential. Thus we write
with f ∈ {e, d, u} for electrons, down quarks and up quarks respectively. The ǫ's are Hermitian matrices with elements describing the strengths of the nonstandard interactions. The NSI potential can be rewritten by introducing the fermion fraction Y f defined to be
Assuming charge neutrality of the medium, the fermion fractions for the down quark and up quark can be expressed in terms of the electron fraction, Y e , as:
The NSI potential is thus
It was shown by Maltoni & Smirnov [52] and more recently by Coloma & Schwetz [53] that oscillation data alone provide very poor if any constraint on the NSI parameters. Strong constraints only emerge when scattering experiments are included. From a combination of terrestrial and solar neutrino oscillation and scattering experiments, upper limits have been placed upon the NSI parameters [54] [55] [56] [57] . The model independent constraints from Biggio, Blennow and Fernandez-Martinez [57] make no assumption about the origin of the NSI. The constraints are not upon the individual coupling of the neutrinos to each particular fermion but rather they define an effective NSI coupling to matter, ǫ mat , as
For Earth like matter, assuming equal numbers of neutrons and protons and electrons, the constraints for the elements of ǫ mat given by Biggio, Blennow, and
For 'solar like' matter, consisting only of protons and electrons, their constraints are
We see that, except for ǫ µµ , the current experimental constraints on NSI parameters are remarkably loose. Even though large NSI effects for solar neutrinos are possible if one is prepared to adjust the mass splitting and mixing angles, we shall adopt a conservative approach and maintain the standard Mikheyev & Smirnov [34, 35] solution for the solar neutrino problem by requiring the NSI in the Sun to be small. This choice does not mean the NSI in supernovae are also small: as Eq. (16) shows, the effect of the neutrino NSI depends upon the composition of the matter. In supernovae or compact object mergers the electron fraction can become much smaller than in the Sun permitting the NSI to be significant. The requirement that the NSI vanish when the electron fraction Y e is the solar electron fraction Y ⊙ leads from Eq. (16) to the following condition on the ǫ parameters:
where 
The factor of (3 + Y e ) comes from the inclusion of nonstandard couplings to the up and down quarks as well as the electrons. If only the coupling to electrons had been included this factor would be Y e . A term proportional to a unit matrix has been subtracted in order to zero the lower diagonal element and we have rewritten the combination δǫ u + 2 δǫ d as the NSI coupling to the neutron δǫ n = δǫ u + 2 δǫ d . From hereon we shall use δǫ n and ǫ 0 as the NSI parameters.
The limits in Eqs. (18) and (19) can be directly translated to limits on δǫ n and ǫ 0 . For a given electron fraction Y e , from Eqs. (16) and (17) we find
The ǫ ij is chosen as appropriate to the type of two flavor calculations. For the purposes of this paper we use ǫ eτ .
Similarly for δǫ n we find
where δǫ mat is the difference between the diagonal elements of the effective matter coupling defined in equation (17) . Since we compute e − τ mixing, the limits on our NSI parameters stem from a δǫ mat = ǫ 
FIG. 1:
Normal hierarchy survival probabilities, Pee = P (νe → νe),Pee = P (νe →νe) for electron neutrinos (blue) and antineutrinos (red). The top figure shows the results of our calculations in the absence of any NSI. The middle figure includes NSI terms with the parameters set to δǫ n = −0.84 and ǫ0 = 0.00025 and one observes an I resonance at r ∼ 40 km and a bipolar/nutation oscillations beginning at r ∼ 150 km. Finally, in the bottom figure we increase ǫ0 to 0.001 and observe that the I resonance is now followed by a new type of transition which we shall show is a Standard MNR.
NSI effects
To prepare for future discussions we illustrate some of the effects of the NSI in figure (1). The figure shows the results from three calculations for the electron neutrino and antineutrino survival probabilities (Eq. 4) as a function of distance. The neutrino mass hierarchy in each case is chosen to be normal. In the top panel is the case of no NSI and one observes no flavor transformation until the neutrino reaches r ∼ 1000 km which is the location of the MSW H resonance. In the middle panel we switch on the NSI using δǫ n = −0.84 and ǫ 0 = 2.5 × 10 −4 and find a result similar to those of Esteban-Pretel, Tomàs, and Valle [37] . One observes a NSI-induced flavor conversion at r ∼ 40 km (which is the I resonance) and then another effect not usually seen in seen in the normal hierarchy which starts at r ∼ 150 km which we will show is the bipolar/nutation oscillations. In the bottom panel we have used a different value for the NSI parameter ǫ 0 set to ǫ 0 = 0.001 and find something completely different than the two panels above. The transformation at r ∼ 40 km is followed by a new transformation -which we shall show is a matter-neutrino resonance [38, [58] [59] [60] .
In addition to the two examples of the effects of NSI for supernovae neutrinos shown in the two lower panels we have undertaken many thousands of similar calculations exploring the NSI parameter space. Before we present further representative cases and partition the NSI parameter space according to which effects are observed, we describe analytically the various transformation effects we have found.
III. ANALYTICAL DESCRIPTION A. I resonances
One of the consequences of the NSI can be new MSW resonances. In particular, the first obvious feature seen in the lower panels of figure (1) is an I resonance at r ∼ 40 km. These new resonances emerge due to the modification of the matter contribution to the Hamiltonian. Together the MSW and the NSI potentials form the total matter potential V M and the way we have written both potentials means V M has only one non-zero element on the diagonal.
This element is a function of the electron fraction Y e and with certain combinations of the NSI parameters one finds it is possible for the total matter potential to have a different sign at different values of Y e . Several examples of this evolution of the total matter potential can be seen in figure (2) where we plot the diagonal term of the total matter potential as a function of radius r for various values of δǫ n . As a result of our imposed constraint on NSI effects in the Sun, the diagonal term of V M must be positive at large r/high Y e . As one moves toward smaller r, the densities increase causing λ(r) to increase, while the Y e decreases. This causes the diagonal component of the total matter potential to peak at some maximum positive value and then fall through zero at r = r 0 and become negative.
The location where the diagonal element of the matter potential changes sign is determined by finding the location r which gives an electron fraction that satisfies
If we solve this equation for Y e then we find the total matter potential will be negative when the electron fraction is less than
If δǫ n < 0 then wherever the electron fraction Y e is below the threshold Y 0 , the matter potential is negative. We stress that this occurs without greatly affecting solar neutrinos. If Y ⊙ ≈ 0.7 and we consider a range of δǫ n ∈ [−0.5, −2.0] then we find the range of Y 0 that allows for this cancellation is Y 0 ∈ [0.292, 0.519], which overlaps significantly with the electron fractions typically found in supernovae simulations, as fit in Eq. (11) . Note that as δǫ n becomes increasingly negative, Y 0 becomes increasingly positive causing the location of r 0 to move outwards.
The position of the I resonance, r I , has been defined by Esteban-Pretel, Tomàs, and Valle [32] by setting the two diagonal elements of the neutrino Hamiltonian equal i.e. H ee = H xx neglecting the neutrino-neutrino interaction. Thus for neutrinos the position of the I resonance, r I , is defined to be the location where
The non-zero diagonal element of the total matter potential VM = VMSW + VNSI as a function of r for eight different values of δǫ n , and the Vν scaling parameter, µν . The shaded red region is set by the requirement the I resonance occurs entirely outside the neutrinosphere.
with a relative negative sign needed to predictr I , the location of the I resonance for antineutrinos. We have verified that within the NSI parameter space considered here, the neutrino-neutrino interaction has a negligible effect on the position, width, and adiabaticity of the transformation that occurs at the I resonance.
As seen in figure (2) , the location where the non-zero diagonal component of V M = 0 is very close to the location where this component is equal to the vacuum scale in either the normal or inverted hierarchies. We can therefore approximate the location of the I resonance by setting the vacuum term on the left had side of Eq. (27) equal to 0. Using this approximation we predict the location of the I resonance is the same for both neutrinos and antineutrinos in both the normal and inverted hierarchy, r I ≈r I ≈ r 0 . This approximation holds best for small values of |δǫ n | when the location of the I resonance is close to the proto-neutron star. Figure ( 2) also shows how the slope of the diagonal component of V M at the location of r 0 decreases as |δǫ n | increases. This will cause the distance between r I ,r I and r 0 to increase.
The I resonance has a width. We can define this width by first finding the eigenvaluesk i of the total Hamilto- (5), (6), (7), (8), (9) , and (10) from left to right. nian, given bỹ
and the matter mixing angleθ is defined to be
If we Taylor expand the function sin 2 (2θ) around the resonance we find
then we define the width σ I to be
where dθ dr rI is defined using Eq. (29) .
The position and width of the I resonance as a function of the NSI parameters partitions the NSI parameter space into three regions:
• r I + σ I ≤ r ν : the I resonance is entirely inside the neutrinosphere represented by the white region in figure (3)
• r I − σ I ≤ r ν ≤ r I + σ I : the neutrinosphere and I resonance overlap, represented by the blue region in figure (3)
• r ν ≤ r I − σ I : the I resonance is beyond the neutrinosphere, represented by the red region in figure
Given the setup of our calculations, in particular that the neutrinos are free streaming, we can only reliably calculate the effects of NSI when the I resonance is beyond the neutrinosphere. For this reason we will focus our attention in the rest of our paper upon this third region. The effects of NSI with parameters outside the third region would require the use of different methods for neutrino transport. Finally, knowing the width of the I resonance allows us to determine the adiabaticity of the resonance since the adiabaticity is determined by the ratio of the width compared to the oscillation length at the resonance ℓ I . The oscillation length is
so the adiabaticity, γ I , given by the ratio γ I = σ I /ℓ I , is
If γ I is much greater than unity the evolution is adiabatic and the neutrinos follow the instantaneous -mattereigenstates. If γ I is less than unity then the evolution is non-adiabatic and the neutrinos jump from following one eigenstate before the resonance to following the other after. The adiabticity of the I resonance depends on the gradients of the potentials, as well as the size of the offdiagonal element of the Hamiltonian. The off-diagonal elements enter in the numerator so that the I resonance becomes more adiabatic as |H ex | increases. Using Eq. (6) and Eq. (21) we can see that the NSI will dominate this term for ǫ 0 10 −5 .
B. H resonance
The high density resonance [47] is seen with standard neutrino oscillation physics alone and it appears in all three panels of figure (1) occurring around r ∼ 1000 km. Like the I resonance, the H resonance is a MSW transition and therefore it occurs at a location where Eq. (27) is also true. The H resonance is typically not near the zero crossing r 0 : it arises because the function λ(r) -given in Eq. (10) -decreases with distance. The NSI do still affect the H resonance nevertheless. The location of the H resonance, r H , is pushed inwards and toward higher density compared to the position for no NSI when δǫ n < 0, and outwards and to lower density compared to the position for no NSI when δǫ n > 0. However this relative change in position of the H resonance does not lead to any change in the flavor survival probabilities at the edge of the supernova. The adiabaticity, γ H , of the H resonance, defined by evaluating Eq. (34) using the appropriate matrix elements and their derivatives at r H , remains high even with the NSI contribution. This means that the neutrinos and antineutrinos follow the eigenstates and undergo a significant change in flavor as a result of the interactions with the high matter density.
C. MNR
As seen in figure (1) , one new effect that emerges for supernova neutrinos with NSI is the Matter Neutrino Resonance. A Matter Neutrino Resonance occurs when the background matter contribution to the neutrino Hamiltonian cancels with the contribution from the neutrino-neutrino interaction. In merger scenarios, with SM physics, a cancellation can occur close to the neutrino emission region even if the matter potential always remains positive because the antineutrino flux can dominate over the neutrino flux resulting in a negative neutrino-neutrino potential [38, [58] [59] [60] . In supernovae (with spherically symmetric emission) neutrino fluxes always dominate over antineutrinos and, as such, the neutrino-neutrino potential always remains positive using only SM Physics. MNR conditions are, therefore, not seen in supernovae.
With NSI, however, the matter potential can become negative, as shown in figure (2) , or, as a consequence of the I resonance, the diagonal component of the neutrinoneutrino interaction can become negative. The former leads to Symmetric MNR, the latter leads to a Standard MNR [58, 61] .
For either the Standard or Symmetric MNR the system starts with a relative sign between the diagonal part of the neutrino-neutrino interaction and the diagonal contribution from the total matter potential, and the potentials are arranged such that The required cancellations outlined above come from the MNR condition in which H ee ≈ H xx where we have neglected the vacuum contribution [59] :
In Malkus, Friedland and McLaughlin [58] it was shown how this understanding leads to analytic expressions for electron (anti)neutrino survival probabilities during MNR transitions. With an initial flux of only electron and anti-electron type neutrinos
where R ≡ V MSW /µ ν is the ratio of the neutrino-electron and neutrino-neutrino interaction scales, and α is the initial asymmetry between electron neutrinos and antineutrinos. We have a second flavor of neutrino and antineutrino present initially and we also take into account the NSI. Following the same steps -detailed in the appendix -we find the more general expression
where we have replaced R with q to include the NSI effect to the total matter potential:
Notice that the expressions in Eq. (37) obey the same conditions as the survival probabilities in Eq. (4). The new terms in Eq. (37) compared to Eq. (36) account for the flux of x type (anti)neutrinos via the inclusion of the flavor asymmetries β andβ. Note that the flavor evolution through both types of MNR are adiabatic (see Ref. [59] ). We will make use of these expressions in our analysis of the numerical results in order to diagnose the transitions we observe.
D. Bipolar/Nutation
Finally we discuss the bipolar/nutation type of flavor transition seen in the middle panel of figure (1) starting at around 150 km in which antineutrinos (red) fully convert and neutrinos (blue) partially convert. Bipolar/nutation type flavor transitions are seen with standard neutrino oscillation physics alone and, like the H resonance, they too can be affected by NSI.
The region where the neutrinos undergo nutation type transitions can be predicted via linear stability analysis. During a bipolar/nutation transition the off-diagonal elements of the neutrino and antineutrino density matrices grow exponentially i.e. they are 'unstable' [62] . By applying a linearization procedure [59, 63] we can derive the following stability matrix Σ applicable for pure flavor states in our NSI supernova model:
where upper signs refer to initial conditions set in Eq. (1) while lower signs are applicable in case of a prior complete flavor conversion. The eigenvalues of this matrix describe the evolution of the off-diagonal elements of the density matrix. When the eigenvalues of the stability matrix become complex the off-diagonal elements of the density matrix grow exponentially. Conversely, the real eigenvalues of the stability matrix correspond to the collective coherent small amplitude oscillation frequencies indicating no substantial flavor evolution. For the stability matrix given in Eq. (38), complex eigenvalues are obtained when Notice that the location of the instability region is independent of the NSI parameters.
IV. NUMERICAL RESULTS
The analytical tools described in the previous section allow us to identify which type of transition we are observing. Armed with these equations, we shall examine some selected combinations of the NSI parameters but first, we study the case with no NSI effects for reference before we examine six samples of the parameter space shown in figure (3) .
The results for the survival probabilities for the electron neutrinos and antineutrinos, P ee andP ee in the absence of NSI are shown in figure (4) . Note the upper panel of this figure (normal hierarchy) was shown previously in figure (1) and we reproduce it here for convenience. The predicted location of the H resonance given by Eq. (27) matches a transition seen in the numerical results and similarly we observe in the inverted hierar- chy a transition starting at r ≈ 150 km and finishing at r ≈ 400 km which matches the shaded region where the linear stability analysis indicates a bipolar/nutation should lie as predicted by Eq. (39). Thus we are confident of our assignments of the two transitions as being bipolar/nutation and an H resonance.
With figure (4) as a reference for regular SM physics, let us now switch on the NSI. The six example cases discussed below correspond to the six points in figure  (3) , displaying their position in the parameter space. For each point, the total matter potential, V M , is plotted in figure (2) .
Our first example case, labeled point A in figure (3) , is for δǫ n = −0.6556, ǫ 0 = 0.0007. The results for the electron (anti)neutrino survival probabilities as a function of distance for this case are shown in figure (5) . The reader will observe not only an H resonance -which is now at r ≈ 1000 km due to NSI contributions -but also a number of flavor changing effects that are not present in the previous figure where NSI were absent:
• an I resonance at ∼ 20 km, (5) but with NSI parameters set to δǫ n = −0.7516 and ǫ0 = 0.002 corresponding to point B in figure (3) . The vertical gray dot-dashed line at r ≈ 30 km is the predicted location of the I resonance according to Eq. (27) and the vertical dot-dashed line at r ≈ 1000 km is the H resonance for neutrinos or antineutrinos. At this combination of NSI parameters a MNR occurs starting at r ∼ 40 km and the analytical prediction for the evolution of the transition probabilities using Eq. (37) is shown as the black and green dashed lines for electron neutrinos and antineutrinos respectively.
• in the normal hierarchy (top panel), a nutation/bipolar transition starting at ∼ 150 km,
• in the inverted hierarchy (bottom panel), the nutation/bipolar transition has disappeared.
The I resonance at ∼ 20 km leads to a complete swap of the e and x flavors for both neutrinos and antineutrinos indicating the resonance is adiabatic. But as a consequences of the NSI induced I resonance, the stability of the system to collective transformations is also swapped. Now it is the normal hierarchy which is seen to experience a bipolar/nutation transition while for the inverted hierarchy no collective effects occur. Thus effects from NSI can 'spill over' and lead to other types of flavor transformations that did not occur in the absence of NSI or switch off transformation that did occur when we only had standard neutrino oscillation physics as seen in figure (4) . As before, the location of the H resonance in the numerical results matches the prediction of an observed transition and the new I resonance location also matches an observed transition at that location. Finally,
The same as in figure (6) but with NSI parameters set to δǫ n = −0.9436 and ǫ0 = 0.0045, corresponding to point C in figure (3) . Here we see the effects of the increasing width of the I resonance causing an overlap with the Standard MNR, and a change in the behavior during the resonance.
the region where the nutation/bipolar transition occurs for the normal hierarchy again overlaps with the shaded region which is the range in r where the linear stability analysis indicates it should occur.
Our next example case, point B in figure (3) , is δǫ n = −0.7516, ǫ 0 = 0.002 and the survival probabilities for this case are shown in figure (6) . When compared to figures (4) and (5), we now observe transformations which did not occur in either of those figures. Immediately after the I resonance located around r I ∼ 30 km, the neutrinos undergo a Standard Matter-Neutrino Resonance beginning at r ∼ 40 km and finishing at r ∼ 70 km. As a result of the MNR, neither the neutrinos nor antineutrinos exhibit bipolar/nutation like transformation at r ∼ 150 km seen in the previous two examples. Thus we learn the MNR -which only occurs when we include NSI -stabilizes the system preventing collective effects. Once again the I and H resonance locations are predicted by the theory and we also observe how the numerical results track the expected evolution of the transition probabilities for neutrinos and antineutrinos from Eq. (37) in the MNR region.
The next set of NSI parameters we consider are δǫ n = −0.9436 ǫ 0 = 0.0045,corresponding to point C in figure (3) , and the survival probabilities as a function of (6) but with NSI parameters set to δǫ n = −1.2124 and ǫ0 = 0.008, corresponding to point D in figure (3) . The vertical dot-dashed line at r ≈ 100 km = 10 7 cm is the I resonance and the vertical dot-dashed line at r ≈ 900 km is the H resonance. Here we see the I resonance followed by a nutation/bipolar transition. In this case, the width of the I resonance has completely covered the MNR suppressing it and preventing the system from stabilizing against the nutation region at r ∼ 150 km. distance are shown in figure (7) . At this more negative value of δǫ n the I resonance has moved even further out to r I = 50 km and has grown noticeably wider so that it begins to overlap and interfere with the MNR. In the normal hierarchy (top panel) the I resonance only partially completes before the MNR begins; however in the inverted hierarchy the I resonance is allowed to complete fully before the MNR transition begins causing the MNR to narrow. We will discuss the difference of the behavior of the MNR in this figure compared to figure (6) below. The H resonance can also be seen to have moved further inward as a consequence of the NSI but, as in previous figures, it remains adiabatic with almost a complete swap of e and x flavors. The predicted locations of the I and H resonances remains in good agreement with the numerical results; the predicted beginning and end of the MNR evolution is also in good agreement with the numerical results for both hierarchies but the actual evolution during the MNR is only well reproduced for the inverted hierarchy.
In figure (8) we plot the results for the NSI parameters δǫ n = −1.2124 ǫ 0 = 0.008, point D in figure (3) . In this
The same as in figure (6) but with NSI parameters set to δǫ n = −1.4428 and ǫ0 = 0.00275, corresponding to point E in figure (3) . Here the resonance prediction lines show how tightly packed the various resonances have become causing a mixture of different behaviors the form of which changes with slight modifications to either δǫ n or ǫ0 in the yellow region.
example the I resonance now occurs at r I ≈ 100 km and has become noticeably wider than in previous examples. Beyond the I resonance we do not observe a Standard MNR but rather, in the normal hierarchy, a return to the bipolar/nutation behavior seen in figure (5) and in the inverted hierarchy nothing happens until the H resonance. Finally, we see in this example that the analytic predictions for the I and H resonances remain robust and, in addition to the outward motion of the I resonance, the simultaneous inward motion of the H resonance to r H ≈ 900 km. Both resonances remain adiabatic. We next consider point E in figure (3) , with NSI parameters δǫ n = −1.4428 and ǫ 0 = 0.00275. The transition probabilities for this set of NSI parameters are shown in figure (9) . Here we see all three types of transitions we have discussed, the I resonance, bipolar/nutation transition, and the MNR transition, are pushed very close together such that none can complete in a normal fashion. The figure includes the predictions from all three types of flavor transformation in an effort to help identify which features might belong to which effect. However it is very difficult to point to any clearly identifiable transition feature until we reach the H resonance at r ∼ 650 km.
Finally, in figure (10) we plot the survival probabilities of electron neutrinos and antineutrinos for δǫ n = −1.6156 and ǫ 0 = 0.0005, represented by point F in figure (3) . For this combination of NSI parameters there is neither an I nor a H resonance for neutrinos in the normal hierarchy, and the same for antineutrinos in the inverted hierarchy. This is consistent with our analytical description as the resonance condition cannot be realized in this part of the parameter space. The remaining I resonance for antineutrinos in the normal hierarchy and neutrinos in the inverted hierarchy is pushed to large radii, beyond the start of the bipolar/nutation region. Since there is no I resonance before bipolar/nutation region, this instability region occurs in the inverted hierarchy, just as it does in the absence of NSIs. But not every effect of NSI has disappeared. Following the bipolar/nutation region we see the remaining I resonance at r ∼ 350 km but unlike in the standard oscillation case situation shown in figure (4), it acts upon the opposite state with the antineutrinos converting in the normal hierarchy and the neutrinos in the inverted hierarchy.
V. PARTITIONING THE NSI PARAMETER SPACE
The various transformation effects seen in figures (5) - (10) are representative of behaviors seen through a wide range of NSI parameters in the magenta region shown in figure (3) . The six figures shown in the previous section were taken from a larger scan of several thousand numerical calculations completed over this space. For each numerical run the results were compared to the analytical predictions described in §III, as was done in the preceding section, and each resonance effect was identified. Figure (11 ) was constructed by color coding each of the several thousand runs according to the resonance(s) that were observed. We will now use the same analytical tools to understand the shapes of the different resonance regions and the contours that naturally occur between them.
For −1.52 < δǫ n < −0.55 we observe in every calculation two I resonances -one in the neutrinos, the other in the antineutrinos -and an H resonance. In the inverted hierarchy we find two different regions where we see no other transitions occur within this range of δǫ n , one at low values of −δǫ n and ǫ 0 , and the other at large values of both −δǫ n and ǫ 0 . These regions are shown in green in figure (11) . For this same region of the parameter space in the normal hierarchy we find bipolar/nutation type transitions also occur and these regions are shown in figure (11) in purple. Over large swaths of the parameter space we observe some form of the MNR transition and these are indicated in the figure (11) by the red regions. For −1.52 < δǫ n < −1.36 we see chaotic effects where it can be difficult to determine which resonance transitions are playing a role in the final solution. This region is shown in yellow in figure (11) and an example of such behavior was seen in figure (9) . For δǫ n < −1.52 the flavor evolution simplifies greatly. Depending on the hierarchy the I resonance for either the neutrinos or antineutrinos is absent and the H resonance has disappeared as well. For the normal hierarchy there are no other types of flavor transformation; in the inverted hierarchy a bipolar/nutation type transition is seen which are sometimes interrupted by the remaining I resonance. The region of the NSI parameter space where this behavior occurs is depicted as the softer blue region in the right panel and the darker blue region in the left panel of figure (11) .
Clearly the effects of NSI are non-trivial with an interesting interplay between one kind of transformation and another. The analytic understanding of the various transformations from section §III allow us to understand why various combinations of the NSI parameters give the transformations seen within each region of the parameter space. Let us begin with the leftmost purple and leftmost green regions from the two panels in figure (11) . In this region the I resonance occurs close to the protoneutron star and its effect is to swap the e and x spectra for both neutrinos and antineutrinos. After the I resonance the neutrinos could either undergo a Standard MNR or, for the case of the normal hierarchy, they could follow the bipolar/nutation transition because the swapping of the spectra has destabilized the neutrino system. In this region of the parameter space the Standard MNR condition is actually satisfied before the bipolar/nutation transition at r = 150 km -for the representative point shown in figure (5) the Standard MNR condition is satisfied at r ≈ 35 km. But the Standard MNR transition only occurs if the neutrinos can evolve adiabatically and a glance at figure (2) indicates the gradients of both the total matter potential and neutrino-neutrino potential are very large at the location where the Standard MNR would begin. In this lower corner of the parameter space ǫ 0 is not sufficiently large to allow a MNR transition to occur and if the MNR does not occur, then the bipolar/nutation transition takes place for the normal hierarchy.
If −δǫ n and/or ǫ 0 are increased, then the neutrino evolution at the point where the Standard MNR condition is satisfied becomes more adiabatic. The increasing adiabaticity is visible in figure (2) because one sees the increase of −δǫ n pushes the point where the MNR begins to larger radii, softening the gradients. Larger ǫ 0 also allows for the MNR to occur with larger gradients. At sufficiently large −δǫ n and/or ǫ 0 the Standard MNR occurs and the combinations of the NSI which lead to MNR transitions are the red regions in both the left and right panels of figure (11) . Through careful analysis of our results we find there is also a possibility for a Symmetric MNR to occur before the I resonance. As discussed in §III, the Symmetric MNR can only occur in the region between the neutrinosphere and the location of the I resonance where a positive neutrino-neutrino potential and a negative total matter potential can cancel. While this transition is possible in principle, in the context of the model considered here we find minimal Symmetric MNR effects.
While an MNR is seen for all combinations of δǫ n and ǫ 0 within the red bands, as both −δǫ n and ǫ 0 are increased the MNR becomes less ideal. The difference can be seen by comparing figures (6) and (7) which are the results for the NSI parameters at the two points within the red bands in figure (11) . This departure from ideal behavior is due to two different factors. As −δǫ n increases both the location of the I resonance and the beginning of the MNR, r MN R,start move outward, but they do so at different rates becoming ever closer. At the same time, an increase in ǫ 0 causes the width of the I resonance, σ I , to increase. Both of these trends can be observed in figure (12) which shows how the location and amount of overlap between the I resonance and the MNR changes with different values of δǫ n and ǫ 0 . At sufficiently large −δǫ n and ǫ 0 these two factors will work together to cause the I resonance to partially overlap with the point at which the MNR is predicted to begin i.e. we find r I + σ I > r MN R,start . When this condition is satisfied we observe the neutrinos and antineutrinos no longer follow the analytic expectations in Eq. (37) which assumed that both neutrinos and antineutrinos have fully converted with respect to their initial state before the start of the MNR. We note, as shown in figure (7), a difference in the effect of this overlapping of resonances between the normal and inverted hierarchies. In the normal hierarchy, the MNR appears to dominate over the I resonance, preventing it from completing; in the inverted hierarchy the I resonance appears to dominate over the MNR fully converting the neutrinos before the MNR begins.
As both −δǫ n and ǫ 0 are increased further the separation between the I resonance and MNR will continue to decrease and the width of the I resonance will continue to increase. Eventually a combination of NSI parameters will be reached such that the I resonance completely covers the MNR region. If r MN R,end is the predicted end point of the Standard MNR then the I resonance overwhelms the MNR when r I + σ I > r MN R,end . The smothering of the MNR by the I resonance means no MNR occurs. For the normal hierarchy the stabilizing effect of the MNR is lost so the system will undergo a bipolar/nutation transition, for the inverted hierarchy no bipolar/nutaiton occurs because the system is stable. An example of this can be seen in figure (8) and to show how the I resonance now overlaps the region where the MNR occurs we have inserted the predicted MNR evolution into the figure. Thus at large −δǫ n and ǫ 0 we again find bipolar/nutation transitions and this is the reason for the the upper purple region in the left panel of figure (11) . For the inverted hierarchy the combinations of −δǫ n and ǫ 0 where the I resonance smothers the MNR are in the upper green region in the right panel of figure (11) .
In the light yellow shaded regions seen in figure (11) we find the chaotic evolution. This occurs when various transformation effects begin to overlap. In particular the I resonance moves inside of the instability region predicted by Eq. (39) . From determining r I as a function of the NSI parameters we find r I = r bipolar,start when δǫ n = −1.3658. An example of this can be seen in figure (9) , where different prediction lines have been placed on the figure to help suggest which of the possible resonances might be the cause of the different features observed.
Finally we consider the regions where −δǫ n > 1.52 indicated by the light (dark) blue regions in the left (right) panel of figure (11) . At these values of −δǫ n the maximum value of the diagonal element of V M is less than the splitting of the vacuum eigenvalues and so there is no solution to Eq. (27) for a normal hierarchy. Since the same equation must be fulfilled for the H resonance, the loss of the I resonance means the H resonance also disappears. The I resonance remains for the antineutrinos in the normal hierarchy because for any value of δǫ n the potentialV M has the same sign as the splitting of the vacuum eigenvalues and so the monotonicity of λ(r) guarantees there must be a point where the two sides of the equation become equal. If the hierarchy is inverted, the I resonance only occurs for neutrinos and the I and H resonances disappear for antineutrinos when −δǫ n > 1.52. The consequence of the missing I resonance is that only the neutrino spectra or only the antineutrino spectra are swapped, not both. Without swapping both spectra, the conditions for a Standard MNR cannot be fulfilled and for a normal hierarchy the system is stable. In the inverted hierarchy the system is unstable and with the model we are using in this paper we find that for −δǫ n > 1.52 the remaining I resonance occurs after the bipolar/nutation begins at r = 150 km. Thus in the inverted hierarchy the bipolar/nutation transformation begins but when the remaining I occurs, it shuts off the transition if it is not yet complete as can be seen in figure (10) .
Our understanding of the NSI effects allows us to place several lines upon the parameter space corresponding to where various resonances interact and thus where we expect to observe a given type of flavor transformation to become modified. These predictions and the partitioned parameter space are shown in figure (13) . The various lines in the figure are
• the contour where r I + σ I = r MN R,start (dashed blue)
• the contour where r I + σ I = r MN R,end (solid blue)
• the value of δǫ n = −1.32 which gives r I = r bipolar,start (dashed green)
• and the vertical line δǫ n = −1.521 where the H resonance disappears. (dashed black)
In addition to these predictions, we have separated the red band from figure (11) into a region again shaded red containing the ideal, 'complete' MNR solutions, and an orange region where significant overlap between the I resonance and the MNR is found leading to 'partial' MNRs. It should be noted that the transition from the complete MNR to the partial MNR is not as sharp as figure (13) makes it appear. Rather there is a much more gradual change from cases such as figure (6) to the significantly overlapped case seen in figure (7).
The first contour is our prediction for the combinations of δǫ n and ǫ 0 where we expect the I resonance to begin to overlap with the MNR and so lead to partial MNR like solutions, e.g. figure (7) . This contour is shown as the dot-dashed blue line. The second contour identifies the values of δǫ n and ǫ 0 where the I resonance completely overlaps the MNR at which point the system should transition back to its behavior in the absence of the MNR i.e. a bipolar/nutation transition for a normal hierarchy and a no collective oscillations for the inverted. This contour is shown as the solid blue line. The two contours trace the boundaries between the different categories of solutions well. The third condition is the location where the I resonance and beginning of the bipolar/nutation regions coincide. It is the merging of the different resonances that creates the somewhat chaotic flavor evolution observed in figure (9) .The figure shows how this line delimits one edge of the yellow region. The fourth condition denotes where the H resonance disappears and this vertical line matches well with the edge of the blue regions.
VI. DISCUSSION AND CONCLUSIONS
In this paper we have shown how Nonstandard Interactions of neutrinos, well within current constraints, can lead to dramatically different flavor evolution for supernova neutrinos compared to both the standard case of neutrino oscillations and previous literature. In a broad region of the parameter space we observe MatterNeutrino Resonances for supernova neutrinos, a type of flavor transformation which has previously only been seen in compact object merger scenarios. In another region of the parameter space we find the NSI can lead to neutrino collective effects which would not occur in the absence of the NSI and can suppress other collective effects which would be expected using standard neutrino oscillation physics. Finally, in a third region we find the NSI can lead to the disappearance of the high density Mikheyev-Smirnov-Wolfenstein resonance. From our understanding of how these effects arise we are able to predict the boundaries between the partitions of the NSI parameter space where the various transformations are seen.
Such dramatic flavor transformation due to NSI so deep within the supernova has the potential to affect the dynamics of the explosion, the nucleosynthesis and the neutrino burst signal. If only the I resonance occurs one can make plausible predictions for the effect of the NSI because, by itself, an adiabatic I resonance leads to a complete swap of the flavor of both neutrinos and antineutrinos. Beyond the I resonance the spectrum of the electron flavor neutrinos and antineutrinos would be hotter than that at the neutrinosphere and one would expect this would lead to greater heating in the gain layer and a shorter delay until shock revival. The additional flavor transformation effects which occur, such as the MNR and bipolar/nutation, modify this expectation. If the neutrinos undergo a MNR transition then the antineutrino flavors swap back to their original spectra while the neutrinos remain swapped. During a bipolar/nutation transformation both neutrino and antineutrinos re-exchange the spectra but not as completely as during an MNR. If the I resonance is not adiabatic then an MNR cannot occur but a bipolar/nutation can. An understanding of the dependence of supernova dynamics upon the NSI parameters will require further study.
Similarly, flavor transformation so deep within a supernova will affect the electron fraction of the material and the subsequent nucleosynthesis. If the I resonance is adiabatic the neutrinos and antineutrinos both swap the spectra of their flavors. As a consequence the spectra of both the electron neutrinos and antineutrinos will be more similar than the original spectra were at the neutrinosphere which should raise the electron fraction slightly compared to the unoscillated case. But if the I resonance is quickly followed by a MNR then, again, the antineutrino flavors can swap back to their original spectra while the neutrinos remain altered. Examples of these cases are shown in figures (6) and (7) . The difference between the electron neutrino and electron antineutrino spectra would then be larger than at the neutrinosphere. Supernova wind nucleosynthesis is sensitive to the difference between the electron neutrino and electron antineutrino spectra so the question of how the nucleosynthesis in supernovae might be modified by NSI also needs to be addressed in future studies.
Finally, the effects of NSI clearly alter the flux emerging from the supernova and the conclusions one might draw from the next Galactic supernova burst signal. Features in the signal which are associated with one hierarchy in the standard case of neutrino oscillations can instead occur in the other hierarchy when NSI are included and move from neutrino to the antineutrino channels. The disappearance of the H resonance that can occur in some regions of the NSI parameter space will also have profound effects upon the signal. The signatures of NSI effects in a Galactic supernova neutrino burst and the detector requirements to observe them will need to be determined.
Appendix: Analytical MNR Survival Probabilities
The analytical expressions in Eq. (37) for the neutrino and antineutrino survival probabilities during an MNR are derived from the MNR conditions [59] . First we demand 0 = H ee − H xx and using the definitions for the vacuum Hamiltonian, the neutrino-neutrino interaction potential, and the matter potential, we write this condition as 0 = δm These two equations can be used to derive how the survival probabilities of the neutrinos and antineutrinos must change in order to continue to satisfy the two conditions of the MNR. These equations can be greatly simplified using the common assumptions in MNR scenarios. First we assume that the vacuum term is negligible compared to V M or V ν and, second, we assume that λ(r)ǫ 0 ≪ µ ν (r) allowing us to further simplify the condition on the offdiagonal components of the Hamiltonian. Using these assumptions, we can rewrite Eq. This is the same definition of q found in Eq. (37) . The most efficient path to solving for the survival probabilities makes use of isospin vectors. In order to make the connection between isospin vectors and the density matrices we factor the combined density matrix, ρ used throughout the body of this paper into two density matrices which are initially pure flavor states, ρ e and ρ x . More precisely we write ρ(r) = 1 1 + β (ρ e (r) + βρ x (r)) (A. This definition ensures S e and S x follow the normal rules for the isospin vector i.e. S 2 n = S n · S n = 1 4 . Using S e and S x we can write the isospin vector S -defined using the combined density matrix ρ and which is not normalized to S · S = 1 4 -in terms of S e and S x and find the product S · S is equal to To make further progress we introduce the following definitions:
(1 + β)ρ ee = Z e (1 + β)ρ xx = (1 + β)(1 − ρ ee ) = 1 + β − Z e (1 + β)ρ ex = δ + iǫ (1 −β) 2 = 4 η 2 + θ 2 + (2X e − (1 +β)) 0 = δ − αη 0 = ǫ + αθ (A.14) where we satisfy the real and imaginary parts independently. The last two of these equations can be combined to create an equality between the second and third equations, giving us two equations that involve only X e and Z e . When we solve these equations we find Using the definition of Z e and X e as well as the equations for the survival probabilities given in Eq. (4), we can convert these results into the analytical expressions for the survival probabilities and thus derive Eq. (37)
In the limit where β → 0,β → 0, and we set V N SI → 0 (which forces q → R), we recover Eq. (36).
